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POLYNOMIAL REPRESENTATIONS OF GL(n) AND
SCHUR-WEYL DUALITY
HENNING KRAUSE
Abstract. Polynomial representations of general linear groups and modules
over Schur algebras are compared. We work over an arbitrary commutative
ring and show that Schur-Weyl duality is the key for an equivalence between
both categories.
Polynomial representations of general linear groups can be identified with mod-
ules over Schur algebras. This follows from work of Schur [6] for the field of complex
numbers and has been extended to infinite fields by Green [4]. The situation for
finite fields seems to be less clear. In fact, Benson and Doty pointed out that
Schur-Weyl duality may fail if the field is too small [2].
For any commutative ring k and any pair n, d of natural numbers, there is a
canonical functor from modules over the Schur algebra Sk(n, d) to degree d polyno-
mial representations of GLk(n). Assuming that Schur-Weyl duality holds, we show
that this functor is an equivalence. The converse is true when k is a field.
* * *
Throughout we fix a commutative ring k. For a positive integer n let GLk(n)
denote the group of invertible n × n-matrices over k. A representation of GLk(n)
over k is a k-module V together with a group homomorphism
ρ : GLk(n) −→ GLk(V )
into the group of k-linear automorphisms of V . Given an integer d ≥ 0, we call a
representation ρ polynomial of degree d if it can be lifted to a map
ρˆ : Endk(k
n) −→ Endk(V )
which is homogeneous polynomial of degree d.
Recall from [3, IV.5.9] the definition of a polynomial map. Given a pair of k-
modulesM,N such thatM is free, a map f : M → N is homogeneous polynomial of
degree d if there exists a basis (xi)i∈I ofM and a family (yν)ν∈N(I), |ν|=d of elements
in N such that
f
(∑
i∈I
λixi
)
=
∑
ν∈N(I), |ν|=d
λνyν
for all (λi) ∈ k
(I), where |ν| =
∑
i∈I νi and λ
ν =
∏
i∈I λ
νi
i .
The definition of a polynomial representation coincides with the usual one1 when
k is a field (cf. [4, 2.2] or [5, Appendix A.8]).
Set E = kn. The symmetric group Sd acts on E
⊗d = E ⊗k . . .⊗k E via
(∗) σ(x1 ⊗ . . .⊗ xd) = xσ(1) ⊗ . . .⊗ xσ(d)
Version from November 4, 2013.
1Given a basis (vi)i∈I of V , there are homogeneous polynomials fij ∈ k[Xrs] of degree d in
n2 indeterminates such that ρ(α)(vi) =
∑
j∈I fij(αrs)vj for each α = (αrs) in GLk(n).
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and this induces a conjugation action on the endomorphisms of E⊗d. The Schur
algebra is by definition the algebra
Sk(n, d) = Endk(E
⊗d)Sd
of Sd-invariant endomorphisms [4, 2.3]. The diagonal action of GLk(n) on E
⊗d
yields an embedding GLk(n) → Endk(E
⊗d) which extends to a k-algebra homo-
morphism
φ : kGLk(n) −→ Sk(n, d).
Restriction of scalars via φ induces a functor from modules over Sk(n, d) to
modules over kGLk(n).
Lemma 1. A module over Sk(n, d) yields via restriction of scalars a representation
of GLk(n) over k which is polynomial of degree d.
Conversely, a degree d polynomial representation ρ : GLk(n)→ Endk(V ) yields a
linear action of Sk(n, d) on V which restricts to ρ provided there exists a polynomial
lifting ρˆ : Endk(k
n) → Endk(V ) which can be extended to a k-algebra homomor-
phism Sk(n, d)→ Endk(V ).
The proof requires some preparation. For a k-module M and an integer d ≥ 0
let
TSd(M) = {x ∈M⊗d | σx = x for all σ ∈ Sd}
denote the k-module of degree d symmetric tensors, where Sd acts onM
⊗d via (∗).
Each x ∈M yields an element γd(x) = x⊗ . . .⊗ x in TS
d(M).
The next lemma is useful since
Sk(n, d) ∼= TS
d(Endk(k
n)).
Lemma 2 ([3, IV.5, Proposition 13]). Let M,N be k-modules such that M is free.
Then a map f : M → N is homogeneous polynomial of degree d if and only if
there exists a k-linear map h : TSd(M) → N such that f(x) = h(γd(x)) for all
x ∈M . 
Proof of Lemma 1. Use Lemma 2. 
The following theorem clarifies the relation between degree d polynomial repre-
sentations of GLk(n) and modules over the Schur algebra Sk(n, d). This requires
another definition.
Definition 3. Let φ : A → B be a k-algebra homomorphism. We call φ a strong
epimorphism of k-algebras if the following holds.
(1) The map φ is an epimorphism of k-algebras, that is, given k-algebra homo-
morphisms ψ1, ψ2 : B → C such that ψ1φ = ψ2φ, then ψ1 = ψ2.
(2) An A-module V is the restriction of a B-module if the canonical map A→
Endk(V ) factors through φ via a k-linear map B → Endk(V ).
Clearly, every surjective algebra homomorphism is a strong epimorphism. How-
ever, the example Z→ Q shows that the converse is not true.
Theorem 4. The canonical functor from modules over the Schur algebra Sk(n, d)
to degree d polynomial representations of GLk(n) is an equivalence if and only if
the k-algebra homomorphism φ : kGLk(n)→ Sk(n, d) is a strong epimorphism.
Remark 5. (1) Schur-Weyl duality asserts that the canonical map φ is surjective.
For example, this holds when k is an infinite field (cf. (2.4b) and (2.6c) in [4]) or a
finite field having more than d elements (cf. Theorem 4.3 in [2]).
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(2) Benson and Doty [2] noticed that Schur-Weyl duality fails for k = F2 and
n = 2 = d. More precisely, the canonical map φ is not an epimorphism in this case.
Let k[ε] denote the algebra of dual numbers (ε2 = 0). We have
F2GLF2(2)
∼= F2[ε]× F2[ε]× F2[ε]
while SF2(2, 2) is Morita equivalent to the Auslander algebra [1, III.4] of F2[ε]. It
follows that modules over the Schur algebra cannot embed fully faithfully into the
category of modules over F2GLF2(2).
(3) The failure of Schur-Weyl duality for k = F2 implies that the canonical map
ZGLZ(n) −→ SZ(n, d)
is not surjective for n = 2 = d, since Sk(n, d) ∼= SZ(n, d)⊗Z k.
Proof of Theorem 4. From Lemma 1 we know that the restriction of a Sk(n, d)-
module is a polynomial representation of degree d.
Restriction via φ induces a fully faithful functor from modules over Sk(n, d) to
modules over kGLk(n) if and only if φ is an epimorphism of rings; this is well-known
[7, XI.1].
Let us consider the condition (2) in Definition 3. We verify this, assuming that
every degee d polynomial representation is in the image of the restriction functor.
To this end fix a kGLk(n)-module V such that the canonical map kGLk(n) →
Endk(V ) factors through φ via a k-linear map Sk(n, d) → Endk(V ). Applying
Lemma 2, this means that V is a degree d polynomial representation of GLk(n)
and therefore the restriction of a Sk(n, d)-module.
Now suppose that φ satisfies condition (2) in Definition 3 and fix a degree d
polynomial representation ρ : GLk(n) → Endk(V ). It follows from Lemma 2 that
the lifting ρˆ : Endk(k
n) → Endk(V ) yields a k-linear map Sk(n, d) → Endk(V ).
Thus the map kGLk(n)→ Endk(V ) extending ρ factors through φ. The assumption
on φ implies that the representation ρ lies in the image of the restriction functor. 
The statement of Theorem 4 can be strengthened when k is field. This follows
from the lemma below.
Lemma 6. Let k be a field. Then a k-algebra homomorphism φ : A→ B is a strong
epimorphism if and only if φ is surjective.
Proof. One direction is clear. So suppose that φ is a strong epimorphism and
denote by A′ is image. Given a k-module V , every k-algebra homomorphism A′ →
Endk(V ) can be extended to a k-linear map B → Endk(V ) since k is field. Thus
restriction along the inclusion A′ → B induces an equivalence between modules
over B and modules over A′. It follows that A′ = B. 
Corollary 7. Let k be a field. Then the following are equivalent.
(1) Schur-Weyl duality holds, that is, φ : kGLk(n)→ Sk(n, d) is surjective.
(2) The category of modules over the Schur algebra Sk(n, d) is equivalent (via
φ) to the category of degree d polynomial representations of GLk(n). 
* * *
I am grateful to Steve Donkin, Steve Doty, and Andrew Hubery for helpful
comments.
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